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' Abstract 

. In this paper we present a new proof of the homological stability of the moduli space of 

closed surfaces in a simply connected background space K, which we denote by § g (K). The 
homology stability of surfaces in K with an arbitrary number of boundary components, § gtn (K) 
was studied by the authors in 4]. The study there relied on stability results for the homology 
of mapping class groups, r 9i „ with certain families of twisted coefficients. It turns out that 
these mapping class groups only have homological stability when n, the number of boundary 
components, is positive, or in the closed case when the coefficient modules are trivial. Because 
oo of this we present a new proof of the rational homological stability for § g (K), that is homotopy 

theoretic in nature. We also take the opportunity to prove a new stability theorem for closed 
£N| ' surfaces in K that have marked points. 
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Introduction 



In [3], the authors studied stability properties for moduli spaces of surfaces in a simply connected 
background space, K. These moduli spaces, denoted § g . n {K), consist of surfaces S g . n of genus g 
with n parameterized boundary components, together with a map / : S g>n — > K which restricts 
to the boundary dS gyTl in a prescribed way. As observed in [3] the homotopy type of these moduli 
spaces don't depend on the choice of this boundary condition, so we will assume / is constant on 
dSg tn , mapping it to a fixed basepoint xq € K. The main results of that paper were Theorems 0.1 
and 0.3 in [4] which together identify the "stable homology", H q (S g<n (X)) for 2q + 4 < g. 

This result was proved using spectral sequence and Postnikov tower arguments, whose main input 
was a calculation of the stable homology of mapping class groups with certain families of twisted 
coefficients ("coefficient systems of finite degree"), iJ*(r gi „; V 9tn ). Here T g ^ n is the mapping class 
group of orientation preserving diffcomorphisms of a fixed surface F gjU of genus g and n-boundary 
components, that fix the boundary pointwise, T g n — no(Dif f(F gtn , dF g>n )). 

The goals of the present note are threefold. First, we wish to describe an error in [4] in the 
group homology calculation for closed surfaces (n = 0). Theorem 0.4 of that paper claims that for 
coefficient systems of appropriately finite degree d, then H q (T g ^ n , V g ^ n ) is independent of g and n, 
so long as 2q + d + 2 < g — 1. This theorem is true, and the proof in [4] is correct, so long as n > 0. 
However, for closed surfaces, n = 0, this theorem is not true, unless the the coefficient system has 
degree (i.e is constant), which in turn was proved by Harer [6], with this improved stability range 
proved by Ivanov [7J . A counter example to this theorem in the closed case is given by a calculation 
of S. Morita [S], which was pointed out to us by J. Ebert. 

The second goal of this paper is to give a new proof of the homological stability theorem for 
§ g (K), for closed surfaces. This proof is purely homotopy theoretic in nature, using homological 
stability for & gtTl (K) for n > 0, and some basic, well known relationships between diffeomorphism 
groups of closed surfaces, of surfaces with boundary, and those with marked points. We also make 
heavy use, as we did in [4], of the theorem of Madsen and Weiss [8] proving a generalization of a 
conjecture of Mumford, that can be viewed as establishing these stability results when A is a point. 

Along the way to giving this proof, we prove a new theorem, giving a stability result for closed 
surfaces with marked points (see Theorems [7] and [8] below). This generalizes results of Bodigheimer 
and Tillmann [2]. 

The third and last goal of the paper is to use the homotopy theoretic techniques mentioned 
above to give a new proof of Morita's calculation of Hi(T g , Hi(F g )) which demonstrates the lack of 
stability for these homology groups. 

We remark that since the writing of [4], results there have been generalized in two different 
ways. In his thesis [5], S. Boldsen significantly improved the stability range of the homology of 
mapping class groups, both in the setting of twisted coefficients (when the surface has at least one 
boundary), and in the setting of closed surfaces, when the coefficients are trivial. As we will point out 
below, Boldsen's improved stability range allows for a similar improvement of the stability range for 
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H*(Sg, n (X)), n > 0. Secondly, in [TO], O. Randal- Williams generalized our result for the homological 
stability of S g , n (K), by proving a stability theorem for surfaces having a general tangential structure. 
He also obtained an improved stable range. 

Because of the work of Randal- Williams, the truth of the homological stability for closed surfaces, 
§ g (K) is not in question. However we take the opportunity in this note to give a new, short proof 
of this theorem when one assumes rational coefficients (or coefficients in any field of characteristic 
zero). This proof is quite easy, and shows the relevance of the Becker-Gottlieb transfer map. 

This paper is organized as follows. In section one we review the construction and relationships 
between the moduli spaces S g , n (K). We then prove the main new theorem of this paper, Theorem 
[7j which gives homological stability of closed surface spaces with marked points. In section 2 
we describe a relationship with the Becker- Gottlieb transfer map, and give a short proof of the 
homological stability of § g (K) . In section 3 we give a new proof of Morita's calculation [9] . 

The authors would like to thank J. Ebert for originally pointing out the error in [3]. The first 
author would also like to thank the Department of Mathematical Sciences at the University of 
Copenhagen for its hospitality while this work was being carried out. 

1 Spaces of surfaces, and stability of closed surfaces with 
marked points 

1.1 Spaces of surfaces and their relationships 

For each n > 0, let c n C R°° be the image of a fixed embedding e„ : ]J S 1 . Let if be a 

simply connected space with basepoint xo € K. We define surface spaces S g , n , m (K) much like in [3]: 

Sg,n,m{K) ={(Sg,n,mi *> 4>i f) '■ where t > 0, Sg t n, m C K°° x [0, t] is a smooth oriented surface of genus g with 
n + m boundary components, <fi : S 1 ^> dS is a parameterization of the boundary, 

ra+m 

and / : S g>ny7n — Y K is a continuous map whose restriction to the boundary is constant 
at the basepoint, df : dS gin . m — > xq S K. } 

In this description, S g ^n,m C M°° X [0,i] is embedded "neatly" as in [S]. In particular the boundary, 
dS, is partitioned 

where the "incoming" boundary di n S gyrljm = S giV , im PI (K°° x {0}) is equal to c„, and the "outgoing" 
boundary d ou tS gtn ^ m = Sg inim Pi (M 00 x {t}) is equal to c m . The parameterization <j) is an orientation 
preserving diffeomorphism. 
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Now let Fg tTljm be a fixed smooth, oriented surface of genus g with n+m parameterized boundary 
components; n of these boundary components are designated as "incoming" , and the remaining 
m are designated as "outgoing". Let Diff(F g . n: , n7 d) denote the group of orientation preserving 
diffeomorphisms that fix the boundary pointwise. As described in jS], [5], [4], the spaces §g : n,m(K) 
are topologized so as to give homeomorphisms 

S g , n , m (K) = R x Emb d (F gtn>rn ,R°° x [0,1]) x Dlff{Fg n m . d) Map((F g , ntm ,d),{K,x )). (1) 

Here Embg(Fg !nim ,M°° x [0,1]) denotes the space of neat embeddings that extend e„ : JJ n S 1 —} 
R°° x {0} on di n Fg t n, m , and e m : ]J rn S 1 M°° x {1} on d out F g ^ n ^ m . Since this embedding space is 
contractible with a free action of Diff(F g ^ n ^ m ; <9), this gives a homotopy equivalence 

&g,n,m( K ) - EDif f{F g , n , m ; d) XDiff(F 9 , n , m ;d) Map{{F g ^ m , d), (K, x Q )). (2) 

For n = m = 0, we ease notation by deleting the subscripts. So 

S g (K) ~lx Emb(F g , M°°) x mff(Fg) Map(F g , K) . (3) 

Finally we define the space S g {K) to be the space of closed surfaces in the background space K 
that have a marked point. In other words, 



S g {K) ~{(S g7 1, x, f) : where t > 0, S g C M°° x (0, t) is a smooth oriented surface of genus g, 
x G S g , and / : S g — >• if is a continuous map} 

= R x ^to&OF^R 00 ) XDifHF.) {Fg x Map(F g , K)). (4) 

We now consider the relationships between the spaces, S fl ,o,ij Sg; and § ff - First consider the map 
p : §g(if) — > §g(K) given by forgetting the marked point. This is the "universal curve". Then by 
([3|) and (J4| we have the following: 

Proposition 1. The map p : § g (K) — > § g (K) is a fiber bundle with fiber equal to the surface F g . 

Consider the fiberwise, or vertical tangent bundle T v S g (K). This is an oriented, two-dimensional 
vector bundle classified by a map t v : 2> g {K) — s> CP 00 . Concretely, this can be defined as follows 
(following |S] and [5]). 

r v :§l(K) ^CP°° (5) 

(Sg,t,X,f)^T X Sg CM 00 



Here we are thinking of CP 00 as the Grassmannian of oriented two dimensional subspaces of M°° . 
Now consider the evaluation map 

e : §](K) K (6) 

(Sg,t,X,f)^ f(x) 
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Proposition 2. There is a homotopy fibration sequence 

Sg,oA K ) ^ §1 g( K ) I ^ CF °° X K - 

Proof. Consider a fixed, neat embedding of the closed disk, e : D 2 C M°° x [0, 1/2), whose boundary 
is the fixed embedding of the unit circle, ei : S 1 R°° x {0}. Now let (S gi o,i, t, <j>, f) G § g> o,i{K). 
Using the parameterization of the boundary </>, one can identify dS g _o t i with ci, which is the image 
of the unit circle e\ : S 1 R°°. Let S g — Sg,o,i U51 D 2 . This is the closed surface one obtains by 
capping off the boundary dS 9t o,i- One can also extend the map / : (S g> o,i, dSg^.i) — > (K, xq) to S g 
by defining it to be constant (at the basepoint xq) on D 2 . This construction defines a map 

EDiff(F gfiA ,d)x Dlff(Fg0ud) Ma P ((F gflA ,d),(K,xo)) 

^ EDiff{F g ,y) x D iff(F g ,y) Map((F g ,y),(K,x Q )) 

where y S F g is a marked point and Dif f(F g ,y) is the group of orientation preserving diffeomor- 
phisms that fix y £ F g . We shall need the well-known homotopy fibration sequence, (see Lemma [3] 
below): 

BDiff(F gfi!l) d) -> BDtff(F g , y) ^ CP°° (7) 

where, if our model for the classifying space BDif f(F g ,x) is given by Emb(F g ,M°°) j Dif f(F g ,y) = 
{(S g ,z) : S g C z G S g }, then r v (S g ,z) = T z S g C Furthermore, since there is an obvious 
relative homotopy equivalence 

(F gi0<1 ,dF gi0<1 )~(F g ,y), 
we then have an induced equivalence between the mapping spaces 

Map((F gfiil ,d),(K,x )) ^ Map((F g ,y),(K,x )) 

which is equivariant with respect to the homomorphism Diff(F gi o t x,d) — > Diff(F g ,y). Therefore 
there is an induced homotopy fibration sequence 

EDiff{Fg^ l7 d)x mff{Fg01 M } Map((Fg : o,ud),(K,xo)) ^ 

EDiff(F g ,y) x mf f {Fg , y) Map((F g ,y)AK,x )) ^ CP 00 . 

Now the inclusion of the based maps into the unbased maps Map((F g , y), (K, xq)) — > Map(F g , K) 
is equivariant with respect to the action of Dif f{F g , y). Furthermore it is the inclusion of the fiber 
of the equivariant fibration 

Map(F g , K) K 

f -> f(y) 

where the action of Diff(F g , y) on K is trivial. Putting these fibrations together yields a homotopy 
fibration sequence 
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EDiff(F gfitl ,d)x mmFgOua) Map((F gA1 ,d),(K,x )) \ (8) 

EDiff{F gi y) x mf f(F 9 ,y) Map(F g , K) ^ CP 00 x K. 

Now notice that BDiff(F g , y) ~ EDif f(F g ) x Diff(F g )Fg- This is seen by observing that the natural 
action of Dif f(F g ) on F g defines a homeomorphism of the homogeneous space Diff(F g )/Diff(F g , y) 
with F g . More generally, if X is any space with a Dif f (F g )-&ction, there is an equivalence, 

EDiff(F g ) x mff(Fg) (F g xX)~ EDiff(F g ,y) x Diff[Fg>y) X. 

Thus fibration sequence (|8|) becomes a homotopy fibration sequence, 

EDiff(F gfitl ,d)x mmFg0>ud) Map((F gfiA ,d),(K,xo)) -4 

EDiff(F g ) x mff(Fg) Map(F g , K) ^ CP°° x if. 

Using ([2]) and ((4)), this yields the homotopy fibration sequence, 

S g ,o,i(K) A §l(K) CP 00 x If. 

□ 

The homotopy fibration ([7]) that was used above is a special case of the following well-known 
lemma: 

Lemma 3. Let M d be a closed, oriented smooth manifold of dimension d, and y £ M a marked 
point. There is a homotopy fibration sequence 

Diff(M,D e {y)) -> Diff(M,y) A GL+(d,R) 

where D t (y) is a small open disk and the map d denotes the differential at y. 

Proof. We fix a chart (R d ,0) — > (M,y) around y, and let U e (y) be a small open neighborhood of y 
corresponding to an open e-disk M. d C R d around the origin. The covering isotopy thoerem shows 
that we have a Serre fibration 

Diff(M,U e (y)) -+Diff(M,y) ^ Emb((R d ,0),(R d ,0)). 

It remains to show that this embedding space is homotopy equivalent to GL + (d, K). This follows 
because an embedding / : (Rjf, 0) c — > (R d , 0) is nomotopic to a linear map via the standard homotopy 

[df (u), t = Q. 

Since Diff(M,D e (y)) denotes the group of diffeomorphisms that fixes some open neighborhood 
D e (y) pointwise, this completes the proof. □ 
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1.2 Compatibility of the Pontrjagin-Thom maps 

As described in [8], [5], the spaces § g . n ,m(K) form the spaces of morphisms in the topological 
cobordism category C 2 {K) whose objects are nonnegative integers n > 0, and whose morphisms 
Mor C2 ^ K ^(n, m) are given by the disjoint union of the spaces 

Mor C2{K] {n,m) = JJ § g ,„, m (K ), 

g>0 

except if n = m, in which case Mor C2 ^ K ^(n,m) — (jJ.g>o&g.n,n(K)j \J.id n - 

One of the main theorems of [8] , [5] was the identification of the homotopy type of the classifying 
space of the cobordism category, BC 2 (K) (as well as other, more general, but similarly defined 
cobordism categories). 

Remark. In section 5 of [8; a category Cd,e was defined, given a Serre fibration 8 : B — > BO(d). 
If d = 2 and 9 is the composition of the projection and the orientation cover, 

BSO{2) x K -> BSO{2) -> BO(2), 

we have BC2.9 — BC 2 (K). The difference between C 2 fi and C2(K) is that the objects of the former 
are restricted to be a fixed union of circles in R°°, while in C 2: g the objects are arbitrary closed, 
oriented one-dimensional manifolds. Using the covering isotopy theorem, it follows easily that the 
corresponding nerves are homotopy equivalent. 

The identification of the homotopy type of BC 2 (K) used the Pontrjagin-Thom construction 
to define a functor to the path category of the zero space of a certain Thorn spectrum. More 
specifically, let ri^°" 1 (CP2° 1 A K + ) denote the path component of the basepoint in the zero space 
of the spectrum ECP^ A K+. Let ^(^^(CP? ! A K + )) be its path category. Namely, given any 
connected space Y, the path category V(Y) is the topological category whose objects are the points 
of Y (topologized as the space Y), and the morphisms between points y\ and 2/2 are the space of 
paths V yi ,y 2 (Y) = {(a,r) : a : [0,r] — s> Y is continuous, satisfying a(0) = yi, a(r) — 2/2}- The 
following is standard: 

Lemma 4. Given any connected space Y there is a weak homotopy equivalence BV{Y) ~ Y . 

We record the standard fact that in any connected space Y with basepoint y$, there is a homotopy 
equivalence of the path space with the loop space, V yi , y2 {Y) ~ QY. Such homotopy equivalences 
are given by choices of fixed paths 71 from yo to yi, and 72 from y^ to j/o- The homotopy equivalence 
sends a path a from y\ to ?/2 to the glued path 71 o a o 72 which is a loop at the basepoint yo G Y. 

In [5] the Pontrjagin-Thom construction was used to produce a functor a : C 2 (K) -> V(SIq > ~ 1 (C¥^ 1 A 
K+)) and the following was proved. 

Theorem 5. JBj The functor a : C 2 (K) -> P(£l^ D ~ 1 (CP oc 1 A K + )) induces a weak homotopy equiv- 
alence on the level of classifying spaces, 

a : BC 2 (K) -> BP(Q.'j ) - 1 (CF°? 1 A K+)) ~ ng 0-1 (aP!? 1 A K+). 



7 



Now for each n > let j n G Q^^^CP^ A K + ) be the image of the functor a on n G ObC 2 (K). 
The functor a is "pointed" in that 70 S tt'^ D ~ 1 (CF 00 1 AK + ) is the basepoint. Now consider the map 
defined on the level of morphisms, 

a„, m : [J & g , n ,m(K) "> 7V,7m (fig 0-1 (CP^i A #+)) ^ fi^CP^ A 2f+). 

We consider the homotopy compatibility of these maps as n and m vary. We focus our attention 
on the two cases ao,i and ao,o- To compare them we consider a morphism (D 2 , 1, e) £ §0,1, o(lQ C 
Mor C2 (k) (1,0). Here L> 2 is embedded in R°° x [0,1] with boundary equal to a C M°° x {0}. The 
embedding is fixed, and has the property that its intersection with K°° x [5,1] is empty. (In other 
words its image lies in M.°° x [0, |).) The map e : D 2 — > K is constant at the basepoint Xo G if. 

Notice that composing with the morphism (D 2 , 1, e) defines a map 

This amounts to "capping off the hole" in a surface with one boundary component, and extending a 
map from that surface to the resulting closed surface by letting it be constant on the capping disk. 

Now let S — ai.o(D 2 , 1, e) be the image under the functor a of (D 2 , 1, e), viewed as a morphism 
in Mor£ 2 (#-)(!> 0). The following compatibility theorem is now simply a result of the functoriality 
of a. 

Theorem 6. The following diagram commutes: 

8,(10 ► ^70,70 '(CP-! A > n~(CP?? 1 A 

where the right hand vertical map is concantentation with the fixed path 5. 
Comments. (1). Notice that the map K in this theorem is homotopic to the projection map 

EDiff(F gA ,d) x Dlff[Fg<ud) Map((F gA ,d(F gA )),(K,x )) — ► EDiff(F g ) x mff(Fg) Map(F g , K) 

defined by capping off the boundary of F g< x with a disk, and extending a map / : (F g i, d(F 9i i)) — > 
(K,xo) to the closed surface F g = F g> i U D 2 , by defining it on D 2 to be constant at the basepoint 
xq G K. It therefore factors, up to homotopy, as the composition, 

S gA1 (K) ^ §l(K) ^ § g (K) 

where 1 is as in Proposition [TJ and p : & g (K) —> § g (K) forgets the marked point. 

(2). Similar compatibility results between the a raim 's exist in general, by capping off various 
boundary circles. We leave the formulation of these to the reader. 



1.3 Stability with marked points 

We now have the ingredients necessary to prove the main theorem of this section, which gives a 
stability theorem for the moduli space of closed surfaces in a background space with marked points. 
Consider the space S\(K). Let a : B\{K) -t ^(CP^ A K+) be the composition 

a : S g (K) A § g (K) A fi^CF^ A K+). (9) 

We then define the map a 1 : B\(K) -> (CP^ AK+) x CP°° x K to be the product a 1 = a x t v x e, 
with t v and e as defined in ([5} and ©. 

Theorem 7. The map 

a 1 : §l(K) -> n^iCP 00 ! A K + ) x CP 00 x if 
induces an isomorphism in integral homology, H q (—; Z), for 3q < 2g — 2. 

Proof. By Propostion [T] and Theorem |6l we have the following homotopy commutative diagram of 
homotopy fibration sequences: 

&g, ,i(K) — i— > Sj(lif) ^^CP^xif 

fioo^Qpoo A Q°o(cpoo A K+) x CP 00 x K > CP 00 x K 

Since the basespace of these fibrations, CP 00 x X, is simply connected, and since ao.i induces a 
homology isomorphism in this range, then a 1 induces a homology isomorphism in this range. □ 

We remark that we can also consider moduli spaces of closed surfaces in a background space K 
with q- marked points, §> q g (K). Completely analogous arguments to the above prove the following. 
We leave details to the interested reader: 

Theorem 8. There is a map 

ofl : %\{K) -> n°°(CP^ A K+) x (CP°°)« x K 
that induces an isomorphism in integral homology, H q {—\ Z), for 3g < 2g — 2. 

2 Relation to the transfer 

Consider the bundle F g — > S g (K) A S g (K) described in Proposition[TJ The Becker-Gottlieb transfer 
map [I] is a map of suspension spectra, 

t : Z°°(S g (K) + ) -> E°°(SJ(^) + ). 

Its induced map in integral cohomology, t* : H*(B g (K)) — > H*(S g (K)) has the following well-known 
properties: 
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Lemma 9. For /3 e H*(S g (K)) and e £ H*(§l(K)), 

1. t*( P *( j 8)e)= J 8-t*(e) 

2. t*(l) = X (F g ) G H°(S g (K)). 

-ffere xC^a) = 2 — 2g is Euler characteristic. 

We will need to relate the transfer map with the Pontrjagin- Thorn map a described above. To 
do this we first need to consider the spectrum map 

w : CP^ -> £°°(CP^). 

This can be viewed as "collapsing" the — 2-dimensional sphere in CPffj, but more precisely it is 
induced by map of Thorn spectra, 

w : CP^ = (CF°°y L -> (CP°°)- Lffi£ = E°°(CP+ ). 

Here L — > CP 00 is the canonical oriented two dimensional bundle, and —L is the corresponding 
virtual bundle given by its opposite. The exponential notation X^ denotes the Thorn spectrum of a 
virtual bundle Q over a space X. This map of Thorn spectra is induced by the inclusion of virtual 
bundles, — L — L ® L, where, of course, —L © L is the trivial zero dimensional virtual bundle. 
Taking the smash product with the identity produces a similar map 

w(K) : CP^ A K + = (CP 00 x K)- L -> (CP 00 x K)- L ® L = ^((CP 00 x K)+). (10) 

Here we are thinking of L — >• CP 00 x if as the pull-back of the bundle L — > CP 00 under the projection 
map CP 00 x K -> CP 00 . 

Consider the induced map on zero spaces, 

iu(2T) : ^(CP! ! A #+) -> O^E^f^P 00 x #)+), 

as well as the cohomology suspension map 

cr* : ir(CP°° X K) -> ir^E^CP 00 X #)+))• 

Lemma 10. Let p = t v x e : S^K) -> CP 00 x if. 77ien if £ E H*(CP°° x if), 

tV(0 = a*«W(0 G H*(S g (K)). 

Before we prove this, we show how lemmas |H] and [TU] together imply the main theorem of this 
section: 
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Theorem 11. 

a* : H*(n8°(CPf!i AK+);Q) — > H*(S g (K);( 
is an isomorphism for 3* < 2g — 3. 



Proof. It follows from Lemma [S] that t* op* : H*(S g (K)) -> H*(B g (K)) is multiplication by %(F 9 ) = 
2 — 2g. So with rational coefficients, this composition is an isomorphism so long as g ^ 1. (Notice 
the statement of the theorem is vacuous if g — 1, so we lose no generality in assuming g ^ 1.) It 
follows that is injective, and t* is surjective in rational cohomology. 

In the stable range (dimensions less than or equal to |g — 1), Theorem [7] implies that (a 1 )* : 
H*(Q 0O (CW? 1 A K+) x CP 00 xK) -» H*(§l(K)) is an isomorphism. Now by the definition of a 1 
given in (|9]) above, the following diagram commutes: 



§l(K) - ) Q °(CP? 1 Af + )x CP°° x X 

P j proj. 

S g (K) > n oo (CP 00 1 AK + ). 

a 

Thus p* o a* is injective in this stable range, and hence so is a*. It remains to show that a* is 
surjective in this range. 

Let r) e iJ*(ftg° (CP? ! A if+);Q) and £ <= iP(CP°° x #;Q) be classes so that the sum of their 
dimensions is in the stable range. Then by definition, (a 1 )*(?7® £) = p*a*(r/) ■ and by Lemma 

H ^(a 1 )*^®^) = t*p*a*(r))-t*p*(£) = (2 - 2g)a*{rj) ■ <>*(£)• Lemma [TD] shows that i*p*(£), and 
therefore t*(ar)*(?7(S>£) belong to the image of a* . Since t* is surjective and (a 1 )* is an isomorphism 
in this range, we conclude that a* is surjective in this range. □ 

It remains to prove Lemma 1101 Consider again the fiber bundle, F g -» Sj(if) A S g (K). The 
transfer map, t : E°°(S ff (A) + ) —> Y,°°(S g (K) + ) is defined to be the composition 

t : E°°(S S (A) + ) -4 §l(K)-^ -> §l(K)-^ = E°°(Sj(jr) + ) 

where t : E°°(S g (A) + ) — > Sg(A)~ r " is the Pontrjagin-Thom map, or "pretransfer" . The bundle t v 
over S g (K) is the vertical tangent bundle, classified by t v : S g (K) — >• CP 00 . The map p — t v x e : 
§ g (K) —> CP 00 x if induces a map of Thorn spectra, 

T(p) : ^(K)-^' -> (CP 00 x K)- L = CP^ A A+. 

As in [5], [5], the map of spectra a : Yi°°($ g (K) + ) — > CP?°j A A'+ is defined to be the composition 

& : E°°(S g (A) + ) 4 Sj(A)~ T " (CP 00 x A)~ T " = CP^ A K+. 
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a : § g (K) -> n°°(CF™ 1 AK + ) is the adjoint of this map. Using the definition oiw{K) given in (TTU]) , 
we then have the following homotopy commutative diagram of spectra: 

Y,°°{S g (K) + ) — *— ^ Sfl(#)~ T " T(P) > (CP 00 x K)~ L - > CP^A-fc^ 

=1 1 1 H 

E°°(S fl (ir) + ) — *— ^ §i(A')- T "® T " — ► (CP x K)~ L ® L - ) ^((CP 00 x K)+) 

Since the top horizontal composition is a : S°° (§ g (K) + ) — > CP^ A we have that 

w(K) o a ~ p o < : E°°(S g (X) + ) -> ^((CP 00 x K) + ). 
So in cohomology, t* o p* — a* o ^(JT)*. Combining this with the general relationship 

d* o w{K)* = a* o o cr* 

between maps of suspension spectra and their adjoints, completes the proof of the lemma. 

3 A counter example to stability for mapping class groups 
for closed surfaces 

The theorem below, due to S, Morita [5], is a counter example to Theorem 0.4 of [J which postulates 
that H*(T g ,Vg) is indepedent of the genus g, when the r g -module V g = V(F g ) is a coefficient 
satisfying certain degree conditions. We stress, however, that Theorem 0.4 remains true for surfaces 
with at least one boundary component: i?*(r Sj „, V(F g , n )) does have a stable range for n > 0. Here, 
as usual, r g n is the mapping class group of orientation preserving diffeomorphisms of an oriented 
surface F g of genus g with n boundary components. The modules V(F g ^ n ) = Hi(F g>n ) define a 
coefficient system satisfying the stated degree requirements, but as Morita's theorem below clearly 
implies, H»(T g , Hx(F g )) clearly does not satisfy any stability property. This example was pointed 
out to the authors by Johannes Ebert. 

Theorem 12. (Morita) JUj/ 

H 1 (T g -H 1 {F g )) = 'Ll2(g-l). 

We give a proof of this theorem that is somewhat different in spirit from Morita's proof in [9]. 
In fact the proof we present below is similar in spirit to the proof of our main Theorem [TT] above. 

Let T g = TT {Diff(F g7 xq)) and T 9i i = iro(Diff(F g , D 2 ) be mapping class groups, where D 2 C F g 
is a fixed, small disk, with xq G D 2 . In Diff(F g , D 2 ) the diffeomorphisms fix a neighborhood of D 2 
pointwise, and in Dif f(F g ,xo) the diffeomorphisms are only required to fix the point xq. Consider 
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the diagram 



BY 



9,1 



BY Cj 



-> BY] 



p 

-> sr 6 . 



D 



■> BGL+(2, 



The upper horizontal sequence is the homotopy fibration from Lemma |3J The map n caps off the 
boundary, and p forgets the marked point. The improved Harer stability theorem |6 j proved by 
Boldsen in [3J, asserts that 

: H*(BY g .i) — > H*(BT g ) 

is an isomorphism in the range 3* < 2g — 2, and surjective for 3* < 2g. Since k factors as the 
composition k : BY 9i i — > BY g A BY g , in this stable range : H*(BTg) — > H*(BY g ) has a right 
inverse, S : H*(BY g ) —> H*{BY g ) satisfying o S — id. In this range we also have the computation 

H 2 {BY 1 g )=H 2 (BY gA )®H 2 (BGL+(2,R))=Z®Z. 

The Serre spectral sequence for the fibration F g — > BY g A BY g has 

E p,q = H p( T g'' H q( F g))- 

The existence of the section S : H*(BY g ) — > H*(BYg) implies that there are no nontrivial differential 
emanating from the base line, E 2 in the stable range. Now we know that 

E% tl =H p g] Hi(F g )) =0 

El^H^Yg-H^F,)) 

El 2 = H (Y g -H 2 (F g )) = H 2 (F g ) = Z. 

So the only possible differential in total degrees less than or equal to 2 is 

d 2 '■ E 2,i ~* E o,2- 



This leads to the exact diagram 
> El 2 /Imd 2 



H2(F g ) 

d 2 



H 2 {Y\)/ImS 



-1° 

> H 2 {BGL+{2,R)) = Z 



-> i/ 1 (r g ; J ff 1 (F 5 ))^0 



H^Y^H^F,)) 

The groups H 2 (F g ) and H 2 (BGL + {2, R)) are each isomorphic to Z, and r : F g -> BGL + (2, M)) 
classifies its tangent bundle, and hence induces multiplication by the Euler characteristic 2 — 2g in 
i?2- We claim that this implies that the differential d 2 = 0. This is because, since t* is injective 
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and D is an isomorphism, the commutativity of the above diagram implies H2(F g ) — > Eq 2 / 'Imd 2 
is injective, which, by exactness implies d 2 is zero. Since, as remarked above, H2(F g ) — >• Eq 2 is an 
isomorphism, the commutativity and exactness of this diagram imply 

Hi(T g : Hi(F g )) = cok ( T .) = Z/(2g - 2). 



References 

[1] J.C. Becker, D.H. Gottlieb, Transfer maps for fibrations and duality, Compositio Math. 33 
(1976), 107133 

[2] C.F. Bodigheimer and U. Tillmann, Stripping and splitting decorated mapping class groups , 
Progress in Math. (78) , Birkhauser (2001), 47 - 57. 

[3] S. Boldsen, Improved homological stability for the mapping class group with integral or twisted 
coefficients, preprint: arXiv:0904.3269 

[4] R.L. Cohen and I. Madsen, Surfaces in a background space and the homology of mapping class 
groups, Proc. Symp. Pure Math., vol. 80 no. 1(2009), 43 - 76. preprint: |math.GT/0601750| 

[5] S. Galatius, I. Madsen, U. Tillmann, and M. Weiss, The homotopy type of the cobordism cate- 



gory, to appear in Acta Math., preprint: math/0605249 



[6] J.L. Harcr, Stability of the homology of the mapping class groups of orientable surfacesAim. 
Math. 121, (1985), 215-249. 

[7] N.V. Ivanov, On the homology stability for Teichmuller modular groups: closed surfaces and 
twisted coefficients, Contemporary Math. 150, (1993), 149-194. 

I. Madsen and M. Weiss, The stable moduli space of Riemann surfaces: Mumford's conjecture, 
Ann. of Math. (2) 165 (2007), no. 3, 843-941. 

[9] S. Morita, On the homology of the mapping class groups of orientable surfaces with twisted 
coefficients, Proc. Japan Acad., 62 Ser. A (1986), 148-150. 

[10] O. Randall- Williams, Resolutions of moduli spaces and homological stability, preprint: 
larXiv:0909.4278l 



14 



